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Abstract—Energy system optimization models are becoming
increasingly popular for analyzing energy markets, such as the
impact of new policies or interactions between energy carriers.
One key challenge of these models is the trade-off between
modeling accuracy and computational tractability. A recently
proposed mathematical framework addresses this challenge by
achieving exact time series aggregations merging time periods
sharing the same active constraint sets. This aggregation, how-
ever, is insufficient when the number of unique active constraints
is large. We overcome this issue by aggregating data points from
different active constraint sets. While this further reduces model
size, it inevitably introduces an error compared to the full model.
Yet, we show how this error can be exactly quantified without
re-solving the optimization problem, enabling users to trade off
computational efficiency and model accuracy proactively. This
may be especially useful in energy markets to accommodate
varying granularity across short- and long-term time horizons.

Index Terms—optimization models, linear programming, data
aggregation, greedy algorithms

I. INTRODUCTION

Energy system optimization models (ESOMs) represent
highly complex systems in several dimensions, e.g., techno-
logical, temporal, spatial, or sectoral [1]. The complexity has
risen in recent years, e.g., due to the integration of electricity
from intermittent renewable energy sources (RES) [2], or the
increasing importance of energy markets to accommodate, e.g.,
an increasing number of small participants, such as residential
prosumers with photovoltaic and storage systems [3], [4], or
new and potentially nonlinear sector coupling technologies,
like electrolyzers [5], [6] or heat pumps [7], [8]. The main
difficulty of large-scale ESOMs relies upon the trade-off
between modeling detail and computational tractability [9].
Complexity reduction techniques can improve computational
tractability, e.g., by reducing the length of the considered
time horizon. To support efficient decision-making in energy
markets and systems, however, preserving the outputs of the
original ESOM throughout the aggregation process is essential.
While we are convinced that the fundamentals of our method
extend to other complexity dimensions, we will only focus on
time series aggregation (TSA) [10] in this paper.

Among TSA methods for ESOMs, we can differentiate
between two main categories: a-priori and a-posteriori methods
[11]. Traditional a-priori TSA methods try to best approximate
input time series data, e.g., hourly electricity demand, by mini-

mizing the difference between the original and the aggregated
time series according to a given metric, such as Euclidean
distance in k-means [12]. Such a-priori TSA methods can be
improved for ESOMs, e.g., by adding extreme periods to the
aggregated time series [13]–[15], or including extreme values
during the aggregation process itself [14], [16], [17]. However,
a-priori TSA methods may not necessarily lead to a good
approximation of the ESOM outputs compared to the model
with the complete time horizon – as illustrated in [18] – be-
cause they are unaware of how the optimization model relates
input data to model outputs. A good TSA method should
allow one to control the input data aggregation depending
on the output error, defined between the full and aggregated
optimization model outputs1. Neglecting this relation may
result in suboptimal solutions and poor decision-making in
energy markets and systems.

On the other hand, a-posteriori TSA methods additionally
consider optimization model outputs in the aggregation pro-
cess. In [19], the authors propose an iterative method that
estimates investment decisions by bounding the output error of
the corresponding hourly operational problem. Reference [20]
obtains representative days by clustering the cost of optimal
investment decisions of individual days and [21] samples
extreme and regular periods, measured based on aggregated
model outputs. However, we identify a gap in a-posteriori
TSA: the methods that we have found in the literature conceive
heuristic components in the aggregation process, e.g., [20] re-
lies on the assumption that similarity in objective function
value relates to similarity in overall optimization outcome,
and both [19], [21] involve preliminary a-priori clustering
outcomes based solely on the input data domain. Thus, they
fail to provide analytical expressions to compute exact output
error bounds or provide metrics to relate the aggregation to
the output error.

In previous work [18], an a-posteriori TSA framework that
aggregates data points from time periods that share the same
set of active constraints, referred to as basis, was proposed2,
and we use both terminologies interchangeably. Under certain
assumptions for linear programs (LPs), this TSA method has
been proven to be exact and yield zero error in aggregated
model outputs [18]. However, if the number of unique active

1We refer to the full model as the one that is based on the original time
series, while the aggregated model uses the aggregated time series.

2Following the basic feasible solution terminology of the Simplex method.979-8-3315-1278-1/25/$31.00 ©2025 IEEE



constraint sets is large, the aggregation of data points solely
within each set may only lead to a minor reduction in model
size. We address this issue in this paper.

The original contributions of this paper are: we extend
the aforementioned theoretical framework with a methodology
to merge data points from different active constraint sets;
this allows us to derive an exact analytical expression to
quantify the associated output error without having to solve
the new model. Using this expression, we elaborate on how
to optimally choose the active constraint sets from which to
merge data points considering the combinatorial complexity of
this decision. The proposed methodology assists the modeler
in efficiently navigating the trade-off between computational
tractability and model accuracy.

The remainder of this paper is organized as follows: Sec-
tion II recaps the TSA framework based on active constraint
sets and introduces the optimal transport problem, which
serves as an example. Section III extends the aforemen-
tioned TSA framework by proposing a methodology to merge
data points from different active constraint sets. Section IV
presents and discusses our experimental results to showcase
our proposed method applied to the optimal transport problem.
Finally, Section V concludes.

II. PRELIMINARIES

First, Section II-A shows how TSA can be performed based
on active constraint sets. Afterward, Section II-B introduces
the optimal transport problem.

A. TSA based on active constraint sets

Let t ∈ T = {1, 2, . . . T} denote the set of time steps. For
the sake of simplicity, we assume that there are no time-linking
constraints3. Let us define a standard-form primal (left) and
dual (right) linear program (LP):

min
xt

∑
t∈T

cTxt (1a)

s. t. Axt ≤ bt, ∀t, (1b)
xt ≥ 0, ∀t, (1c)

max
yt

∑
t∈T

bt
Tyt (2a)

s. t. ATyt ≥ c, ∀t, (2b)
yt ≥ 0, ∀t, (2c)

where c ∈ RN , xt ∈ RN , A ∈ RM×N , bt ∈ RM and
yt ∈ RM . Without loss of generality, we assume that A and c
are identical across all time steps. Moreover, we require that
Problems (1) and (2) are feasible and that strong duality holds.
Optimal solutions to decision variables are denoted by {}∗,
e.g., xt → x∗

t .
Since Problem (1) is feasible, for every time step t ∈ T ,

there is a set of active (also called binding) constraints At ⊆
{1, 2, . . . ,M}, that are satisfied with equality. Then, we define
i ∈ I as the set of bases, i.e., unique active constraint sets, Ai,
such that Ai ̸= Ai′ for any i, i′ ∈ I with i ̸= i′, and Ti ⊆ T ,
such that At = Ai, ∀t ∈ Ti. Note that since Ti ̸= ∅,∀i ∈ I,

3In related work [22], time-linking constraints such as ramping are included
in the underlying data aggregation framework based on active constraint sets.
Future work will address storage technologies. However, such time-linking
constraints are out of the scope of this contribution.

and
⋂

i∈I Ti = ∅, it always holds that |I| ≤ |T |. However,
ideally, we want |I| ≪ |T |.

Using set I related to the unique active constraint sets, we
can aggregate Problems (1) and (2), respectively, to:

min
x̄i

∑
i∈I

cTx̄iWi (3a)

s. t. Ax̄i ≤ b̄i, ∀i, (3b)
x̄i ≥ 0, ∀i, (3c)

max
ȳi

∑
i∈I

b̄Ti ȳi (4a)

s. t. ATȳi ≥ c, ∀i, (4b)
ȳi ≥ 0, ∀i, (4c)

where Wi = |Ti| is the weight of basis i, i.e., the number
of time steps with the same set of active constraints, and
b̄i = 1

Wi

∑
t∈Ti

bt the centroid of the data points in basis i.
As proven in [18], the optimal solutions to Problems (1)

and (3) are identical in terms of objective function value and
average of the decision variables 1

Wi

∑
t∈Ti

x∗
t = x∗

i ,∀i ∈ I.
Considering the potentially much smaller dimension of Prob-
lem (3) compared to (1) when |I| ≪ |T |, it is computationally
preferable to solve Problem (3) when averages of the optimal
decision variables suffice. Since we are assuming a constant
cost function ct = c,∀t ∈ T , all time steps Ti associated with
active constraint set i have the same optimal dual solution,
such that y∗t = y∗i ,∀t ∈ Ti. Therefore, when including weight
Wi of basis i in Equation (3a), the dual variables of the
aggregated Problem (4) change such that ȳ∗i = Wiy

∗
t .

B. Optimal transport problem: A case study

Let us introduce an example of a standard LP problem in
energy markets: the optimal electricity transport problem. We
define sets of generators g ∈ G, nodes n ∈ N , lines l ∈ L
including one line per flow direction, and time steps t ∈ T ,
with |T | = 8736 hours corresponding to 52 weeks. The set
Gn and Lout/in

n collect the generators at and lines going in
to (out of) node n. Let pg,t denote the power production of
generator g in time step t, fl,t the power flow of line l in time
step t, Cg the variable production cost of generator g, CTR

l

the transportation cost of line l, P̄g the installed capacity of
generator g, CF g,t the capacity factor of generator g in time
step t, F̄l the symmetric power flow limit of line l, and Dn,t

the power demand in node n in time step t. Then the optimal
transport problem is given by:

min
pg,t,fl,t

∑
g,t

Cgpg,t +
∑
l,t

CTR
l fl,t (5a)

s. t. 0 ≤ pg,t ≤ P̄g CF g,t :
¯
µg,t, µ̄g,t ∀g, t, (5b)

0 ≤ fl,t ≤ F̄l :
¯
ηl,t, η̄l,t ∀l, t, (5c)

Dn,t =
∑
l∈Lin

n

fl,t−∑
l∈Lout

n

fl,t +
∑
g∈Gn

pg,t : λn,t ∀n, t. (5d)

The objective function in (5a) minimizes total system cost,
which consists of generation and transmission costs. Con-
straints (5b) correspond to the lower and upper production
limits of the generators. Constraints (5c) limit the line power
flow in both directions. Constraint (5d) presents the nodal



Fig. 1. Stylized 3-node case study diagram including line and generator
parameters for the optimal transport problem (5).

power balance. Based on the dual variables, defined after the
colon, we derive the dual objective function of Problem (5):

max
Θ

∑
g,t

µ̄g,tP̄gCF g,t +
∑
l,t

F̄lη̄l,t +
∑
n,t

λn,tDn,t, (6)

where Θ = {µ̄g,t, η̄l,t, λn,t}. We present the numerical results
for our case study based on Equation (6) in Section IV. We
consider the 3-node system depicted in Figure 1 as a stylized
but illustrative case study. In addition to generators Renewable
(Re) and Thermal (Th), we also consider non-supplied power
(NSP) as a generator4. There are two TS in the input data:
the capacity factors of the wind generator, CFRe,t; and the
demand at Node 1, D1,t.

After solving the optimal transport problem (5) for our
case study, we observe eight unique sets of active constraints
(bases), such that I = {1, 2, . . . , 8}. We visualize the normal-
ized time series input data for CFRe,t and D1,t in Figure 2,
where every point represents a capacity factor-demand pair
for a particular hour, colored according to their basis i.
Table II in Appendix A provides intuitive descriptions for
the corresponding active constraint sets. For example, for all
hours in basis 2 (orange), the wind generator is the marginal
generator (at node 1), and line 3 is congested.

III. BASES MERGING FRAMEWORK

In large-scale and complex modern energy systems, the
cardinality of I may be close to that of T [22]. This compro-
mises the efficiency of the aggregation and may, in the worst
case, lead to an aggregated model that is still computationally
intractable. Therefore, in this section, we extend the existing
active constraint sets aggregation framework presented in the
last section further to reduce the size of the aggregated
optimization model. In particular, we describe in Section III-A
how we can reduce the number of bases by merging data points
from different active constraint sets and, in Section III-B,
how this impacts the approximation accuracy compared to
the full model output. Note that in this paper, we assume

4We assume Th and NSP generators to have a capacity factor equal to 1.
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Fig. 2. Hourly demand D1,t and wind capacity factor CFRe,t time series,
colored according to their basis i, relating input data space to model outputs.
Crosses mark the centroid of each basis.

that the mapping of time steps to bases is known through
past model runs. That is the only information required to
run the aggregated Problem (3). In future research, we will
investigate methods to acquire the mapping without solving
the full optimization problem, e.g. parametric programming.

A. Definition of bases merging

The main idea of our proposed method is to reduce the
number of bases in I by merging data points from different
bases and replacing them with a single centroid. With slight
abuse of terminology, we refer to this as bases merging. In this
paper, we only consider merging all data points of one basis
with all data points of a single other basis. Consequently, when
deciding which bases to merge, it is sufficient to only look at
the centroids of the data points of each basis. While this may
not necessarily be optimal, it helps us illustrate the general idea
and derive some mathematical foundations of our proposed
method. We will relax this assumption in future research.

We define the set of bases mergers or clusters k ∈ K,
such that K can contain elements from I or combinations
of elements from I, but it always holds that |K| ≤ |I|. Let us
consider in the following, that we want to merge data points
from, e.g., two bases i, j ∈ I with centroids b̄i and b̄j . Then,
the new centroid is given by b̄ij = 1

Wi+Wj
(Wib̄i + Wj b̄j).

For example, when merging all the data points from bases 2
and 3 in Figure 2, the new centroid will fall into basis 2.5

Consequently, all data points of basis 3 will be treated as if
they would fall into basis 2. This is illustrated in Figure 3.
Therefore, the points initially in basis 3 will be assigned to a
false set of active constraints, incurring an output error, which
we discuss next.

B. Cost of misclassification

The aggregated LP associated with the merge of all points
in bases i and j is defined as:

5Note that when merging data points from two bases not next to each other,
e.g., 3 and 5, the new centroid may even fall outside these two bases, e.g.,
into basis 1. We will elaborate on this possibility in Section III-B.
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Fig. 3. Basis membership of time series tuples after merging data points from
bases 2 and 3.

min
x̄i′ ,x̄ij

∑
i′∈I′

cTx̄i′Wi′ + cTx̄ijWij (7a)

s. t. Ax̄i′ ≤ b̄i′ , ∀i′ ∈ I ′, (7b)
Ax̄ij ≤ b̄ij , (7c)
x̄i′ ≥ 0, ∀i′ ∈ I ′, (7d)
x̄ij ≥ 0, (7e)

where I ′ = I \{i, j}, K = I ′ ∪{ij}, and Wij = Wi+Wj as
the total weight of the new cluster, resulting from the merge
of all data points from bases i, j ∈ I. Since some data points
in Tij are assigned to a false set of active constraints, the
optimal objective function values of Problems (3) and (7) will
not coincide. Hence, merging data points from bases i and j
incurs an output error in the total system cost for which we
derive an analytical formulation in the following. We will term
this error cost of misclassification (CoM).

Let OVI and OVK denote the objective function values
of Problems (3) and (7) at optimum, respectively. Then, we
define the cost of misclassification associated with merging
points from bases i and j ∈ I, assuming the new centroid b̄ij
falls into basis h ∈ I, as:

CoMij|h = OVI−OVK = b̄Ti (ȳ
∗
i −

Wi

Wh
ȳ∗h)+ b̄Tj (ȳ

∗
j −

Wj

Wh
ȳ∗h).

(8)
The derivation of the expression in Equation (8) can be found
in Appendix B, with a generalized expression of the CoM.

We can calculate the centroid as shown, but it is not clear ex-
ante in which basis the centroid will fall. In order to find out,
we could, for example, check which set of active constraints is
a feasible solution for the centroid. However, we have observed
a favorable property of the Cost of Misclassification, which
we want to mathematically prove in future research. When
computing the Cost of Misclassification for all new possible
centroids of a merge, say CoMij|i, CoMij|j and CoMij|h in our
previous example, we have observed that it always holds that
the new centroid of the merge coincides with the one incurring
the least CoM, e.g., CoMij|h = mini′∈I CoMij|i′ . Therefore,
we conjecture that there is no need to bound the error when

we cannot know the location of the new merge, since we can
know the exact error that the merge would incur.

This gives modelers control over the TSA procedure, as they
can exactly quantify, without needing to solve any aggregated
model – assuming the mapping of time steps to bases is known
– the error that they are inducing in their models for any
desired level of aggregation, as opposed to traditional TSA
methods, that are unaware of the error that they introduce in
the optimization model.

This issue also affects a-priori TSA methods. For example,
when employing k-means, the obtained cluster centroids would
also fall into one of the 8 bases that we have shown before.
That means that all the hours that belong to that cluster, would
be represented by one operational state of the power system.
Just that, when doing a-priori TSA methods, one is usually
ignorant of the error and misclassification one is committing.

IV. RESULTS

We now apply our new bases-merging methodology to
the previously introduced transport problem (5) using the
stylized case study in Figure 1. In Section IV-A, we identify
optimal bases mergers among all potential ones. Afterward,
in Section IV-B, we discuss the computational complexity of
finding optimal bases mergers. We use the Pyomo package
v6.5.0 [23], [24] for Python and the Gurobi Solver v11.0.0
[25] for our numerical analysis. The model implementation
and case study data are provided in [26].

A. Exhaustive enumeration and optimal bases mergers

Available bases mergers can be mathematically interpreted
as partitions of a set. A partition of a set S is defined as
a family of nonempty, pairwise disjoint subsets of S whose
union is S.6 Generally, the total number of partitions of a set
of size |S| = n is given by the Bell Number Bn, which is
defined recursively as Bn+1 =

∑n
k=0

(
n
k

)
Bk [27].

In the context of bases merging, we are looking for all
partitions of the set of bases I. In our numerical example of
the transport problem, we have |I| = 8 bases. We exhaustively
enumerate all B8 = 4140 possible bases mergers and solve
the corresponding aggregated problems. Then, we can easily
analyze how different aggregations of the input data, i.e., dif-
ferent bases mergers, affect the output of the aggregated model
compared to the full model. Thereby, aiming to understand
good or even optimal mergers from a structural point of view.
We measure the quality of a merger in terms of the output
error related to the objective function value εOV (with terms
OVi and OVk defined as in Equation (15), in Appendix B)
and decision variables εg,∀g ∈ G as:

εOV =

∑
i∈I OVi −

∑
k∈K OVk∑

i∈I OVi
, (9)

εg =

∑
i∈I pg,i −

∑
k∈K pg,k∑

i∈I pg,i
. (10)

6For example, the set {1, 2, 3} has these 5 partitions: {{1}, {2}, {3}},
{{1, 2}, {3}}, {{1, 3}, {2}}, {{1}, {2, 3}} and {{1, 2, 3}}.



TABLE I
RESULTS OF OPTIMAL BASES MERGING. RELATIVE ERRORS ε ARE SHOWN

IN %. VALUES ARE ROUNDED TO TWO DECIMALS.

|K| Optimal bases mergers εOV εRe εTh εNSP

8 {1},{2},{3},{4},{5},{6},{7},{8} 0.00 0.00 0.00 0.00

7 {1},{2, 3},{4},{5},{6},{7},{8} 0.00 0.00 0.00 0.00

6 {1, 8},{2, 3},{4},{5},{6},{7} 0.00 0.00 0.00 0.00

5 {1, 8},{2, 3},{4},{5, 7},{6} 0.02 −0.59 0.31 0.00

4 {1, 4, 8},{2, 3},{5, 7},{6} 0.05 −1.52 0.80 0.00

3 {1, 2, 3, 4, 8},{5, 7},{6} 0.28 −9.74 5.08 0.00

2 {1, 2, 3, 4, 5, 7, 8},{6} 28.53 −9.74 2.86 30.39

1 {1, 2, 3, 4, 5, 6, 7, 8} 93.24 −9.74 −2.22 100

The optimal bases mergers and the associated output errors7

with respect to the full hourly model are shown in Table I. We
observe when reducing the number of clusters, e.g., from 8 to
7, it is optimal to merge data points from bases 2 and 3. In
bases 2 and 3, the wind generator is the marginal unit. But
they differ in the congestion of line 3, resulting in a difference
in their locational marginal prices of 0.1 $/MWh due to the
transport cost CTR

l (see Table II in Appendix A). As the trans-
port cost is comparably small, the error in objective function
value induced by the aggregation is εOV ≈ 0. Notably, in
our example, it is possible to reduce the number of clusters
down to four, without incurring an absolute relative error of
above 0.05% in the optimal objective function value and 2%
in the decision variable values. This shows the potential of
the proposed bases merging framework to choose input data
aggregations that reduce model complexity without losing a lot
of accuracy. While this accuracy can potentially also achieved
with a-priori methods, there is no way of controlling the output
error during the aggregation.

Note that it is not needed for quantifying the error, to
actually re-solve the aggregated optimization problems after
merging bases, as the CoM (15) given in Appendix B, which
can be computed as shown in Section III-B, are equal to εOV

in absolute terms. However, when the number of bases I is
large this may still be computationally challenging. We tackle
this issue in the next Section.

B. Computational complexity of finding optimal bases mergers

The Bell Number is growing faster than exponentially with
the size of the set, in our case the bases I, to be partitioned.
While for n = 8 there are 4140 partitions, for n = 15 it would
already be 1.3 Billion. In our numerical example, however, we
observed that the optimal bases mergers share some common
properties drastically reducing the number of partitions to
consider. We explain both properties in the following. Due
to the scope of this paper, we must postpone mathematical
proofs for their validity to future research.

7The mergers in Table I are optimal in terms of the error in the objective
function value εOV. Depending on the model’s purpose, the metric of interest
may be a different variable. For example, if the modeler is a wind power
investor, the metric of interest may be the error in wind production εRe,
while for a grid operator, it might be error in non-supplied power εNSP . In
summary, the modeler’s point of view determines the optimal mergers.

a) Greediness: Looking at Table I, it can be noted that
for any number of bases in the merged set, the optimal bases
mergers follow a hierarchical pattern. For example, merging
data points from bases 2 and 3 is not only optimal when
reducing the number of clusters by 1, but also for all further
reductions. We therefore hypothesize that a greedy strategy
will generally deliver good, if not optimal, bases mergers for
all types of LPs.

b) Adjacency: We have further observed that all optimal
bases mergers shown in Table I include bases that are adjacent,
meaning they share only one edge in the input space shown
in Figure 2. For instance, bases 2 and 3 are adjacent as
opposed to bases 2 and 6. We hypothesize that adjacency in
input space relates to the adjacency of basic solutions in the
Simplex method. This may be the foundation for proving it as
a necessary condition for optimal bases mergers.

Table III in Appendix C shows the number of potential
optimal bases mergers based on the exhaustive enumeration
baseline, a greedy strategy, and the latter with an adjacency
requirement.

Our results suggest both properties, greediness and adja-
cency, significantly reduce potential optimal bases mergers
compared to the Bell Number, possibly overcoming its faster-
than-exponential growth and achieving polynomial complexity.
In a non-degenerate LP with m constraints and n variables, the
number of basic feasible solutions is at most

(
n
m

)
, which grows

as O(2n) in the worst case. On the other hand, each basic
feasible solution has at most m(n−m) adjacent basic feasible
solutions, assuming there is no degeneracy and all pivots lead
to feasible solutions. This grows as O(n2) in the worst case.
Therefore, we can expect greater reductions in larger problems
as the difference of both terms grows exponentially.

V. CONCLUSIONS

Recently, it was proposed in [18] to use TSA based on
active constraint sets (or bases). This aggregation becomes
inefficient when the number of active constraint sets becomes
large. We extend this framework by introducing the concept
of merging data belonging to different active constraint sets,
which we term bases merging. While this reduces model
size it incurs an output error. However, we demonstrate that
optimal mergers may be systematically identified and derive
an exact analytical formulation to compute the corresponding
output error that does not require re-solving the optimization
model. This enables modelers to balance model accuracy and
computational complexity efficiently.

Future research should derive mathematical proofs or guar-
antees for choosing optimal bases mergers using a greedy
strategy or requiring adjacency. Furthermore, the proposed
bases merging method should be extended to account for
time-linking constraints. Finally, it should be investigated how
the assignment of data points to bases can be derived or
approximated without solving the full model.
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APPENDIX A
BASES OF THE OPTIMAL TRANSPORT PROBLEM

In Table II, we intuitively describe the eight bases of
the optimal transport problem applied to the case study in
Section II-B. For every basis i ∈ I, we present its color used
in Figure 2, the number of data points that share this basis
(weight), which network lines are congested, the generators
operating at full load, and, lastly, the marginal generator
(i.e., most expensive generator needed to balance supply and
demand) and locational marginal price (LMP) at Node 1,
where all the demand is.

TABLE II
DESCRIPTION OF SET OF BASES I FROM TRANSPORT PROBLEM.

Basis i Color |Ti| Congestion Full load Marginal gen. LMP
1 Blue 1768 Line 3 Re Th 24.1
2 Orange 669 Line 3 - Re 3.2
3 Green 251 - - Re 3.1
4 Red 247 Lines 2, 3 - Th 24.1
5 Purple 493 Lines 1, 3 Re NSP 5000
6 Brown 1359 Line 1 Re, Th NSP 5000
7 Pink 151 Lines 1, 2, 3 - NSP 5000
8 Gray 3798 - Re Th 24.1

APPENDIX B
COST OF MISCLASSIFICATION

Let OVij|h in Equation (11) denote the part of the dual
objective function related to Constraint (7c) of Problem (7) at
optimum. Since we are assuming that the centroid b̄ij falls into
basis h ∈ I, the associated dual variables ȳ∗ij|h correspond to
ȳ∗h, associated to basis h, re-weighted according to the weight
Wij of cluster ij.

OVij|h = b̄Tij ȳ
∗
ij|h = (11a)

= (
Wi

Wi +Wj
b̄Ti +

Wj

Wi +Wj
b̄Tj )(Wi +Wj)

ȳ∗h
Wh

=

(11b)

= (
Wi

Wh
b̄Ti +

Wj

Wh
b̄Tj )ȳ

∗
h. (11c)

Further, define OVi′ = cTx̄∗
i′Wi′ = b̄Ti′ ȳ

∗
i′ as the part of the

primal and dual objective functions (3a) and (4a), respectively,
attributed to basis ∀i′ ∈ I. We derive the expression of the
CoM from Equation (8) as:

CoMij|h = OVI −OVK = (12a)

= OVi +OVj −OVij|h = (12b)

= b̄Ti ȳ
∗
i + b̄Tj ȳ

∗
j − (

Wi

Wh
b̄Ti +

Wj

Wh
b̄Tj )ȳ

∗
h = (12c)

= b̄Ti (ȳ
∗
i −

Wi

Wh
ȳ∗h) + b̄Tj (ȳ

∗
j −

Wj

Wh
ȳ∗h). (12d)

In order to define a generalized expression of the CoM, let us
consider the primal and dual LPs associated to the aggregation
of data points with clusters k ∈ K as:

TABLE III
NUMBER OF POTENTIAL MERGERS FOR DIFFERENT STRATEGIES AS A

FUNCTION OF THE CARDINALITY OF K.

|K|
8 7 6 5 4 3 2 1

Exhaustive 1 28 266 1050 1701 966 127 1
Greedy (G.) 1 28 21 15 10 6 3 1

G. & Adjacent 1 11 10 8 7 4 3 1

min
x̄k

∑
k∈K

cTx̄kWk (13a)

s. t. Ax̄k ≤ b̄k, ∀k, (13b)
x̄k ≥ 0, ∀k, (13c)

max
ȳk

∑
k∈K

b̄Tkȳk (14a)

s. t. ATȳk ≥ c, ∀k, (14b)
ȳk ≥ 0, ∀k. (14c)

Note that, in the case of perfect aggregation, K = {{i}|i ∈
I}, where every cluster contains points from only one basis.
In the case from LP (7), K = {{ij}} ∪ {{i′}|i′ ∈ I \ {i, j}},
thus points from all bases except for i and j are represented
by their original basis’ centroid. It can be noted that LP (3)
and LP (13), as well as LP (4) and LP (14), are equivalent
from an optimization point of view. They differ in the way the
input data centroids b̄i and b̄k are computed.

Now, let OVI and OVK denote the objective function
values of Problems (3) and (13) at optimum, respectively.
Define OVi = cTx̄∗

iWi = b̄Ti ȳ
∗
i as the part of the primal and

dual objective functions (3a) and (4a), respectively, attributed
to basis ∀i ∈ I. Additionally, define OVk = cTx̄∗

kWk = b̄Tkȳ
∗
k

as the part of the primal and dual objective functions (13a)
and (14a), respectively, attributed to cluster ∀k ∈ K. Then, let
us define the CoM for a general case where we merge bases
from i ∈ I into clusters k ∈ K as the difference between OVI

and OVK:

CoM = OVI −OVK = (15a)

=
∑
i∈I

OVi −
∑
k∈K

OVk = (15b)

=
∑
i∈I

b̄Ti ȳ
∗
i −

∑
k∈K

b̄Tkȳ
∗
k. (15c)

APPENDIX C
BASES MERGING STRATEGIES

In Table III, we observe the number of potential bases merg-
ers that are evaluated by three merging strategies (Exhaustive,
Greedy, Greedy & Adjacent) as a function of the cardinality
of the set of clusters K. Note that i, i′ denote bases ∈ I, and
k, k′ ∈ K denote clusters. A cluster can contain only one basis
or more than one merged bases.

All three strategies initialize K by assigning each of the
eight bases from I into its own cluster. Then, they iteratively
reduce the cardinality of K by 1, as they attempt to find at each
iteration the bases merger that minimizes a given metric, i.e.,
the CoM in our case. For the case study, all three strategies
found the same optimal bases mergers presented in Table I.



The Exhaustive strategy is presented in Algorithm 1. At
each iteration iter, the number of bases mergers evaluated
by the strategy is given by the Stirling number of the
second kind S|I|,iter, which describe the number of par-
titions of size iter of the set of bases I, as S|I|,iter =

1
iter!

∑iter
n=0

(
iter
n

)
(−1)iter−nn|I| [28].

In this strategy, the iterations can be interpreted as indepen-
dent from each other, in the sense that the merger chosen at a
given iteration does not affect the merger to be chosen in the
subsequent ones, as all potential mergers are evaluated.

Since a priori, we do not know what is the optimal number
of clusters for a particular problem, we try out all options as
calculated in Algorithm 1, which yields the Bell number, e.g.
B8 =

∑8
iter=1 S8,iter in our case.

This strategy serves as a baseline to the Greedy and Greedy
& Adjacent strategies, as it provides an upper bound of the
number of potential bases mergers.

Algorithm 1 Exhaustive strategy
for iter = |I|, |I| − 1, . . . , 1 do

mergers← partitions(I, size = iter)
Choose merger ∈ mergers with min. CoM

end for

The Greedy strategy, presented in Algorithm 2, can be seen
as an improvement with respect to the Exhaustive strategy. In
this strategy, we keep a memory of the optimal merger found
in the previous step. Therefore, the number of bases mergers
to evaluate at iteration iter depends on the decision previously
taken at iter + 1.

At each iteration, Algorithm 2 evaluates all possible mergers
given by the pairwise combinations of the elements in K. The
merger that minimizes the CoM, we refer to it as {kk′}, is
chosen and K is updated with this choice. This means that the
original separate clusters {k} and {k′} are removed from K
and replace by the merged cluster {kk′}. Once two clusters
have been merged, this merge cannot be undone in subsequent
iterations.

The number of bases mergers evaluated by this strategy at
iteration iter is equal to

(
iter+1

2

)
if iter < |I| else 1.

Algorithm 2 Greedy strategy
K ← {{i}|i ∈ I}
for iter = |I|, |I| − 1, . . . , 1 do

mergers← pairs(K)
Choose merger {kk′} ∈ mergers with min. CoM
Update K ← K\{{k}, {k′}} ∪ {kk′}

end for

The Greedy & Adjacent strategy, described in Algorithm 3,
can be understood as an improvement with respect to the
Greedy strategy. Here, on top of the memory of optimal
mergers from previous iterations, we only evaluate mergers
that satisfy an adjacency condition. In the case study, we have
identified the following pairs of bases as adjacent: adj = [(1,

2), (1, 4), (1, 5), (1, 8), (2, 3), (2, 4), (3, 8), (4, 7), (5, 6), (5,
7), (6, 8)] from Figure 2.

For a pair of clusters k, k′ ∈ K to be considered adjacent:
• If each of the two clusters coincides with a basis (i.e.

k = i and k′ = i′), they are adjacent if they are one of
the identified pairs of adjacent bases in adj.

• If any of the two clusters k, k′ that are considered for
a merge, contain more than one basis (e.g. k = {ii′}),
they are adjacent if the resulting merged cluster can be
obtained from the union of pairs of adjacent bases. As an
example, clusters {2, 3} and {4} are adjacent since bases
2 and 3, as well as 3 and 4, are adjacent. As opposed to,
for example, clusters {2, 3} and {6}, which do not satisfy
the adjacency condition since basis 6 is neither adjacent
to bases 2 or 3.

Since adjacency is problem-dependent, it is not trivial to
derive a closed-form expression of the number of mergers that
are evaluated by this strategy. However, the Greedy strategy
serves as an upper bound to it.

Algorithm 3 Greedy & Adjacent strategy
K ← {{i}|i ∈ I}
adj ← List of adjacent bases
for iter = |I|, |I| − 1, . . . , 1 do

mergers← pairs(K)
adjmergers← filter(mergers, adj)
Choose merger {kk′} ∈ adjmergers with min. CoM
Update K ← K\{{k}, {k′}} ∪ {kk′}

end for


